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ASYMPTOTICS OF VISCOSITY SOLUTIONS TO SOME DOUBLY 
NONLINEAR PARABOLIC EQUATIONS 

TILAK BHATTACHARYA AND LEONARDO MARAZZI 


Abstract. We study asymptotic decay rates of viscosity solutions to some doubly nonlinear 
parabolic equations including Trudinger’s equation. We also prove a Phragmen-Lindelof type 
result and show its optimality. 


1. Introduction 


In this work, we prove some results for the viscosity solutions to some doubly nonlinear 
parabolic equations. The main focus of this paper is Trudinger’s equation but we will also 
state some results for a parabolic equation involving the infinity-Laplacian. This is a follow¬ 
up of the works in HE]. 

To describe our results more precisely, we introduce definitions and notations. We take 
n > 2 in this work. Letters like x, y, z etc, denote the spatial variables, s, t the time variables 
and o stands for the origin in M"'. Let A denote the closure of a set A. The ball of radius R > 0 
and center x E M” is denoted by Br{x). Let 12 C M"" be a bounded domain and 0 < T < oo. 
We define Qt = 12 x (0,T) and its parabolic boundary as Pt = (12 x {0}) U (df2 x (0,T)). 
For 2 < p < oo, define the p-Laplacian Ap and the infinity-Laplacian Aqo as 

(1.1) ApU = divDu) and A^oU = DiuDjuDijU, 

bi=i 

where u = u{x). We now define the parabolic operators of interest to us. Call 

(1.2) TpU = ApU — {p — 2<p<oo, and TaoU = A^qU — Su'^ut, 

where u = u{x,t). The equation Tp = 0, 2 < p < oo, is the well-known Trudinger equation 
m- See also mE] and the references therein. The operators Tp, 2 < p < oo are doubly 
nonlinear and degenerate and, in this work, solutions will be understood to be in the viscosity 
sense. Note that we use p = oo as a label. It is not clear to us what the limit of Tp (and Gp, 
see below) is for p —>• oo. For a detailed discussion about nonlinear parabolic equations, see 

IS]- 

Suppose that 0 < T < oo. Let / E (7(12) and g{x, t) E (7(912 x [0, T)). For ease of notation, 
we define 


(1.3) 


h{x, t) 


f{x), Vx E 12, 

g{x,t), V(x,f) E 912 X [0,T) 
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We take h G C{Pt), in the sense that fiu) = g^x, 0) for each x G dQ. In most of this 

work, we take 

(1.4) 0 < inf h{x, t) < sup h{x, t) < oo. 

Pt Pj, 

For 2 < p < oo, we consider positive viscosity solutions u G C{Qt U Pp) of 

(1.5) TpU = 0, in Qp and u = h on Pp. 

In [1] (see Theorem 5.2), we showed the existence of positive viscosity solutions of (11.511 for 
p = oo. The work [5] showed the existence of positive viscosity solutions for 2 < p < oo, see 
Theorems 1.1 and 1.2 therein. For the case 2 < p < n, this result is proven for domains 11 
that satisfy a uniform outer ball condition. For n < p < oo, the result is shown for any H. 

We will also have occasion to work with equations related to Fp. As observed in Lemma 2.2 
in [4] and Lemma 2.1 in [5], if u > 0 solves the doubly nonlinear equation TpU = 0, 2 < p < oo, 
(see (jl.2p ). then v = logu solves 

ApU + {p — l)\Dv\^ — {p — ^)vt = 0, 2 < p < oo, and /2^ooV + \Dv\^ — 2>vt = 0, 

For convenience of presentation, call 

(1.6) GpW =/S.pW+{p—l)\DwY‘— {p—l)wt, 2<p<oo, and GooW = AooW+\Dw\‘^— Swt- 
We now state the main results of this work. Let An be the first eigenvalue of Ap on H. 

Theorem 1.1. Let 2 < p < oo and Ll C M”, n > 2, be a bounded domain. Call Lloo = 
Ll X (0, oo) and Poo its parabolic boundary. Suppose that h G C'(Poo) is as defined in 
with h > 0 and supp^ h < oo. Let u G usc{Lloo U Poo)), u > 0, solve 

TpU > 0, in Hoo CLud u < h on Poo- 

(i) If limt^ooisnpan g{x,t)) = 0 then hmt_ 5 .oo(sup^ 

X [t,oo) 

(ii) Moreover, if g{x,t) = 0,V(x,t) G dTl x [TojOo), for some Tq > 0, then 

log(supn^(x,t)) ^ An 
t^oo t ~ P — 1 

The above result is an analogue of the asymptotic result proven in Theorem 4.4 and Lemma 
4.7 in [3] for FooU > 0. We provide an example where the rate exp(—Ant/(p — 1)) is attained, 
see Remark 13.11 Note that we do not address existence for h >0. We also show 

Theorem 1.2. Let 2 < p < oo, Tl C M”', n >2, be a bounded domain, lloo = x (0, oo) and 
Poo be its parabolic boundary. Suppose that h G G{Poo) is as defined in U.3\) . Assume that 
0 < infn / < 1 < supQ / < oo and g{x, t) = 1, V(x, t) G 911 x [0, oo). 

If u G G{Tloo U Poo)), u > 0, solves 

TpU = 0, in Hoo, u{x,0) = f{x), Vx G H and u{x,t) = 1, V(x,t) G 9H x [0, oo), 
then for every x G H, limj^oo u{x,t) = 1. 
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From the proof, it follows that (i) u{x,t) = exp(0(t“^)), p = 2 and any s > 0, (ii) 
u{x,t) = 2 < p < Qo, and (ill) u{x,t) = exp(0(t“^/^)), p = oo, as t —)• oo. 

From the works in mm one sees that (i) for A^qU = ut, the asymptotic decay is t and 
(ii) for ApU = ut, the rate is They do appear to agree if we consider Gp. However, 

at this time, it is not clear if the asymptotic rates in Theorem 11.21 are optimal and also if u 
tends to a p-harmonic function when g{x,t) = g{x), for all t > 0. 

We now state a Phragmen-Lindelof type result for the unbounded domain M"’ x (0,T), 
where 0 < T < oo. A version was shown in Theorem 4.1 in [4] for Fqo. We show an analogue 
for Fp, 2 < p < oo, and include an improvement for F^o. 

Theorem 1.3. Let 2 < p < oo and 0 < T < oo. Assume that 0 < inf]Rn /(x) < supjgn f{x) < 
oo. Suppose that u G C'((]R"' x {0}) U (M” x (0,T))), 2 < p < oo, solves 

Fptt = 0, in M"’ X (0,T), 

and as R ^ oo, 

f exp (o(RP/(P-^^) , for2<p < oo, and 
sup u{x,t) < < ) 

0<|a:|<R, 0<I<T [ exp , for p = OO. 

R follows that infftn f[x) < u{x,t) < sup^n f{x), V(x,t) G M"’ x (0,r). 

In this context, we also provide an example of a sub-solution that supports the optimality of 
the growth rate in the theorem. See Remark 14.21 

The proofs of Theorems 11.1111.21 and 11.31 employ appropriate auxiliary functions and the 
comparison principle. 

We have divided our work as follows. Section 2 contains definitions, some previously 
proven results and some useful calculations. Proofs of Theorems 11.11 and 1.2 are in Section 3. 
Theorem 1 1.41 is proven in Section 4. Section 5 contains a discussion of the eigenvalue problem 
for Ap in the viscosity setting and has relevance for Theorem ll.il Also see [2]. 

We thank the referee for reading the work and for the many suggestions that have improved 
the presentation. 


2. Preliminaries and some observations 

We start this section with the notion of a viscosity solution, see [8]. This will be followed by 
recalling some previously proven resnlts and presenting calculations for some useful auxiliary 
functions. 

The set usc{A) denotes the set of all upper semi-continuous functions on a set A and 
lsc{A) the set of all lower semi-continuous functions on A. We say u G usc{^It), rt > 0, is 
a sub-solution of FpW = 0, in Qt, or FpU > 0 (see (11.21) 1 if for any function if{x,t), in x 
and in t, such that u — has a local maximum at some {y, s) G FItj we have 

Apjp(y, s)-(p- l)u(y, s)p~‘^ iftiv, s) > 0. 
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Similarly, u G Isc{Qt), n > 0, is a super-solution of Fpif; = 0 in or TpU < 0 (see (ll.2h i 
if for any function in x and in t, such that u — ip has a local minimum at 

some {y,s) G we have Apip{y,s) — {p — l)u{y,sY~‘^ipt{y,s) < 0. A function u G C{Qt) 
is a solution of Fpic = 0, in or TpU = 0, if u is both a sub-solution and a super-solution. 
Analogous definitions can be provided for the equation GpW = 0, see m- 

Next, we say u G usc{Q-t U Pt)-, u > 0, is a viscosity sub-solution of (ll.Sp if TpU > 0, in 
Q-T-, and u < h on Pt- Similarly, u G Isc{Qt U Pt), u > 0, is a viscosity super-solution of 
(jl.5p if FpU < 0 in Oy, and u > h on Pt- A function u G C{CIt U Pt), u > 0, is a solution 
of (II.5p if TpU = 0 in Qt and u = h on Pt- 

From hereon, all sub-solutions, super-solutions and solutions are to be taken in the viscosity 
sense. 

We now recall some previously proven results. See Section 3 in mE] for proofs of Lemmas 
12.1112.51 and 12.61 and Theorems 12.21 and 12.31 Lemma 12.11 and Theorem 12.21 hold regardless of 
sign of u. 

Lemma 2.1. (Maximum principle) Let Tl C M”, n > 2 be a bounded domain and T > 0. 

(a) If u & usc{Qt U Pt) solves 

ApU — {p — l)\u\^~‘^ut >0, 2 < p < oo, or AooU — Su'^ut > 0, in TIt, 

then snp^^ u<snpp^u = snp^^^jp^ u. 

(b) If u ^ Isc{TLt U Pt) and 

ApU — {p — T)\uf‘~‘^ut <0, 2 < p < oo, or A^oU — 3u^ut < 0, in TIt, 
then inf^y u > inip-^u = inf^yuPr 

We present a comparison principle for Gp (see (jl.6p ) that leads to Theorem 12.31 

Theorem 2.2. (Comparison Principle) Let 2 < p < oo. Suppose that Tl C M"", n > 2, is a 
bounded domain and T > 0. Let u G usc{TIt U Pt) and v G Isc{IIt U Pt) satisfy 

GpU > 0, and GpV < 0, in TIt- 

If u, V are hounded and u < v on Pt, then u < v in TIt- 

The next is a comparison principle for Fp (see (11.21) 1 that applies to positive solutions. 

Theorem 2.3. (Comparison Principle) Suppose that C n > 2, is a bounded domain 
and T > 0. Let u G usc{TIt U Pt) and v G Isc{TIt U Pt) satisfy 

TpU > 0, and TpV < 0, in TIt, 2 < p < oo. 

Assume that min(infQj,uPT iaffiyUPr '^) > d. If supp^ v < oo then 

supu/v = supu/u. 

Qy Pj' 

In particular, if u < v on Pt, then u < v in TIt- Clearly, solutions to mw are unique- 
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Remark 2.4. We extend Theorem 12.31 to the case u > 0 on Pt- Let v be as in Theorem 12.31 

(i) If M = 0 on Pj', then by Lemma l2.11 u = 0, in and the conclusion holds. 

(ii) Let u > 0 be a sub-solution (see Theorem 12.3p and sup^^ tt > 0; clearly, supp^ u > 0, 
by Lemma [2Tl Let e > 0 be small. Define Us{x,t) = max{u{x,t), e), V(x,t) G Dt U Pt- We 
show that ttg € usc{Qt U Pt) and TpUs > 0, in Qt- 

Let {y,s) G Qt^Pt- Since limsup( 3 ,_i)_,.(j^ g) m(x, t) < u(y, s), we have limsup( 2 ,^j)_^(y^^) t) < 
s) and G usc{Qt U Pt)- Next, let ^|J, in x and in t, and (y, s) G LIt be such 
that Ue — tp has a maximum at (y, s)- If Ue{y, s) = u{y, s)(> e) then u — tp has a maximum 
at (y, s) (since u < u^)- Since u is sub-solution, we get 

Aptp{y, s)-{p- l)u{y, sy~‘^ipt{y, s) = Ap'ip{y, s) - {p - l)ue{y, sy~‘^'ipt{y, s) > 0. 

Next, assume that Ue{y, s) = e. Rewriting (ue — 'ip)ix, t) < e — ipiy, s), 

0 < Ueix, t) - e < {Dtpiy, s),x - y) + iptiv, s)it - s) + o{\x - y\ + \t - s|), 

as {x,t) —>■ (y,s), where {x,t) G LIt- Clearly, Dy{y,,s) = 0 and iptiu^s) = 0. Thus, 
Apy{y,s) — {p — l)u^{y, ■s)P~‘^yt{y, s) = 0, if > 2. A similar conclusion holds for p = oo. 

For p = 2, we write the above Taylor expansion as 0 < {D'^y{y, -s){x — y),x — y) /2 -|- o(|x — 
yp + |t — s|), as (x,t) —>■ {y,s)- It is clear that A'ip{y,.s) > 0. Thus, Ue solves TpUs > 0, in 
Qt, for 2 < p < oo. 

We now apply Theorem l2.3l to obtain that sup^^ Ue/v < supp^ u^/v, for every small e > 0. 
Since < u + e (note that u > 0), we have sup^^^, u/v < sup^^^, Ue/v < supp^{u + e)/v < 
supp,j, u/v + suppj, s/v- The conclusion of Theorem 12.31 holds by letting e ^ 0. □ 

Next we state a change of variables result which relates Tp to Gp, see m and m- 

Lemma 2.5. Let Ll C M”, n > 2, be a domain and T > 0, and 2 < p < oo. Suppose 
u : LIt 1^^ o,nd v : LIt 1^ such that u = e^ - The following hold- 

(a) u G usc{Llt U Pt) and TpU > 0 if and only if v G usc{LIt U Pt) and GpV > 0. 

(b) u G lsc{Llt U Pt) and TpU < 0 if and only if v G Isc{LIt U Pt) and GpV < 0. 

We now present a separation of variable result that will be used for proving Theorem ll.il 
See Lemma 2.14 in [4] and Lemma 2.3 in [5]. 

Lemma 2.6. Let A G M, /r G M, T > 0, and ip : Ll ^ R+. 

(a) Suppose that for some 2 < p < oo, xp G usc{lsc){Ll) solves ApXp + XxpP~^ > (<)0 in D. 
Ifu{x,t) = 'ip{x,t)e~^^/^'P~^"> then TpU > (<)0, where p > (<)A. 

(b) Suppose thaty G usc{lsc){Q) solves AooXp + Xxp'^ > (<)0 inLl- Ifu{x,t) = xp{x,t)e~^^/^ 
then TooU > (<)0, where p > (<)A. 

We include two results that will be used in Theorem 11.31 We recall the radial form for the 
Ap, that is, if r = |x|, then, for 2 < y < oo, 

(2.1) Apv{r) = |u'(r)|^“^ ({p— yv"{r) + ——and AoqU = {y!{r))‘^ u"{r)- 
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Lemma 2.7. Let R > 0; set r = |x|, Vx G M” and h{x) = 1 — (r/i?)^, V 0 < r < i?. 
(i) For 2 < p < oo, take 


k 


p + n — 2, 


2p + k — 1 
2(p-l) 


02 


k 

k + 1 


and 


^ _ kOP-^ ( 2a 
~ ~1¥~ 


p-i 


Call r]{x) = h{x)°‘ and 4>p{x,t) = p{x)e V 0 < r < i?. 

(ii) For p = oo, define 

e = l/V2, and Xoc = 2^/R^. 

Set p = /i(x)2 and (j)oo{x,t) = p{x)e~^°°^^^, VO < r < i?. 

Then, for 2 < p < oo, Tpfip > 0, in Bji{o) x (0, oo), ())(0,0) = 1 and 4>{x, t) = 0, on \x\ = R 
and t >0. 


Proof. Our goal is to show that for 2 < p < oo, App + XppP ^ > 0, in 0 < r < R. 

Part (i): 2 < p < oo. Observe that a > 1. Differentiating p, by using (12.11) . and setting 
H = 


App + XppP ^ = Ap/i" + 

= aP-^ + + Xph^^P-^'^ 

= i^XphP + aP-^ {{a - l){p - l)\Dh\P + hAph}] 


( 2 . 2 ) 


= H 


= H 


XphP + aP ^ < (a — 


XphP + aP-^ \ {a - 


,f2rY 2P-'^rP-'^(p + n-2)h'\ 

--1 

,(2ry 2P-^rP-‘^kh\ 


We now estimate the right hand side of (|2.2p in 0 < r < OR and in OR < r < R separately. 
In 0 < r < OR disregard the middle term in (|2.2I) and take r = OR to see 


App + XppP-^ > HiXphP- 


{2a)P-^rP-^kh 

i? 2 (p-i) 


= hH ( XphP-^ - 


{2a)P-^rP-'^k 

7?2(P-1) 


> hH{xAi-<>r-'-^2LALAi\^o. 


In OR < r < R disregard the XphP term in 
in the third term to obtain 


RP 


set r = OR in the second term and h = 1 


oPpP 2P~^rP~‘^k 

ApP + XppP~^ > aP~^H lij) — l){a — 1)^::^ - 


R^P i 22 (p-i) 


> 


{2a)P-^HrP-^ f 2(a -l)(p- lY 

i? 2 (p-i) 

{2a)P-^HrP-^ 


i ?2 


-k 


i?2(p-l) 


{2(a-l)(p-l)02_A:} =0, 


since 2{p — l)(a — 1)02 = k 
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Part(ii): p = oo. The work is similar to Part (i). 

^ooV + ^ooV^ = Aoo/i^ + Aooh® = 8/i^A(X)/i + + Aooh® 


(2.3) 


= [Aoo/i^ + 8(|T>/i|^ + /iAooh)] = 


Aoo^ + 8 


f2rY 8r2 


We estimate (|2.3p in 0 < r < OR, 


Aooi? + AooT > ft Aooh"^ - 


64r^ 


From ()2.3I) . if OR < r < R then 


2r A 


h]=hU - 


8r^ 


64/i^r" 


+ Acx>r? >8h < ^ - 1 > 


i?2 J Re 


i?6 \ R2 


64r^ 

'W 


2r2 


> { Aoo(l - O^f - 


6402 


= 0 . 


64/j2^2 


{20^ - 1 ) = 0 . 


The claim holds by an application of Lemma 12.61 □ 

We record a calculation we use in the various auxiliary functions we employ in our work. 
Remark 2.8. Let f{t) G , in t > 0, and f{t) > 0. Set r = \x\ and 

u{x,t) = 2<p<oo, and u{x,t) = ±f{t)r^f^, p = oo. 

Call A = n{p/{p — 1))^“^ and B = {p/{p — 1))^. We show that in r > 0, 

_ f ± [Ap-^ -{p- + {p- l)BfPrP/^P-^\ 2<p<oo, 

^ I ± {(4^/3^)/^ — 3/V‘^/^} + (4/3 )"^p = oo. 

We prove the above for the + case. The — case can be shown similarly. Using (12.ip the 
above holds in r > 0 and u G C"^ for p = 2. We check at r = 0 and for 2 < p < 00 . 

Suppose that ip, in t and in x, is such that u — 'tp < u{o,s) — 'ip{o,s), for {x,t) 
near (o, s). Thus, u{x, t) < {D'il){o, s),x) + 'ipt{o, s){t — s) + o(|x| + |t — s|), as (x, t) (o, s). 
Clearly, ^(o, s) = 0 and D'il){o, s) = 0. Using the expansion 

u{x, t) = f{t)\x\Pf^P~^f < {D‘^ip{o, s)x, x)/2 + V’t(o, s){t - s) + o(|xp + |t - s|), 

as (x,f) —)• (o, s), we see that D‘^'ip{o,s) does not exist. Hence, u is a sub-solution. 

Next, let Ip, in t and in x, be such that u — ip > u{o,s) — 'ip{o,s), for (x,t) near 
(o, s). Thus, u{x,t) > {D'ip{o, s),x) -|- ipt{o,s){t — s) -|- o(|x| + |t — s|), as (x,f) —)• (o, s). 
Clearly, Du{o, s) = 0, '0t(o, s) = 0 and Gp'tp{o, s) = 0. Hence, u is a super-solution. A similar 
argument works for Goo- D 

The next is an auxiliary function which is employed in the proof of Theorem 11.31 

Lemma 2.9. Let T > 0 and 2 < p < 00 . Set r = |x| and for any fixed a > 0, define Vx G M”" 
and any 0 < t < T, 

(pp{x, t) = exp {t — 1 -g 5(i -g ^ 2 < p < 00 , 

fioo{x, t) = exp (^a[(f + l)3“+i - 1] + b{t + , p = oo. 
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(i) For 2 < p < oo take a and b such that 
npP-^bP-^ 


a = 


{p - 1)P{1 + a{p - 1)} 

(a) For p = oo take a and b such that 

4353 


and 0 < If 


-1 / P 


p-l 




a. 


a = 


and 0<b^ (T + < a. 


35(3a + 1) 

Then for 2 < p < 00 , (j)p{o,0) = 1 and Tpcfp < 0, in M” x (0,T). 

Proof. We set v = \og(fp and use Lemma 12.51 and Remark 12.81 to show that GpV < 0, in 


X (o,r). 

(i) Let 2 < p < 00 . Then 

V = log (fp = a 


[t + 1) 


o(p—1)+1 


-1 




A simple calculation shows that Apr^^^ = n\p/{p — 1)]^ 0 < r < 00 , 2 < p < 00 and 


Ar^ = 2n, 0 < r < 00 , see Remark 12.81 

Using the above, calculating in 0 < r < 00 and 0 < t < T, and using the definitions of a 
and b we see that 


ApV + {p- l)|L>u|^ - {p- f)vt 


= n 


^ ' tf-^{t + iT^p-^'^ + {p-i) 


p — 1 


p 


p — 1 


lf{t + 


n 


p-l 


{p - 1) [a{a{p - 1) + l)(t + + ah{t + 

{t + 


^ ' lf~^ — a{p—l){a{p — l) + l) 


+ (p_ l)rP/(p-i) 


P 


p-l 


}f{t + 1)“^' - ab{t + 1) 


OL — l 


= b{p - (t + 1)“-1 + < 0. 

Thus, (j) is a super-solution in 0 < r < 00 and 0 < t <T. 

We now show part (ii). Set 

V = log(foo = a[(t + - 1] + b{t + 
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Noting that 
AooV + \Dv\^ - 3vt 


4V3^ in 0 < r < oo, and calculating, 

-3 |o(3a + l)(t + 1)3" + bar^/^{t + 
< (t + l)"“ (^-3a(3a + l)) 






(T + l)3"+3 



< 0 , 


where we have used the definitions of a and b. Rest of the proof is similar to part (i). □ 


We now extend existence results in HE] to cylindrical domains H x (0, oo). Set Hoo — 
Q X (0, oo) and Poo its parabolic boundary. 


Lemma 2.10. Let Ll C M"’ be bounded and h E C{Poo) with 0 < infp^ h < supp^ h < oo. 
Suppose that, for any T > 0, TpU = 0, in flp and v = h on Pt, 2 < p < oo, has a unique 
positive solution. Then the problem 

(2.4) TpV = 0, in Ttoo o,nd v = h on Poo, 

has a unique positive solution u E (^(floo x Poo). Moreover, infp^ h < u < supp^ h. 

In particular, existence holds for any fl, ifp > n, and for any 11 satisfying a uniform outer 
ball condition, if 2 < p < n. 

Proof. For any T > 0 call up to be the unique positive solution of ApUx — {p — l)n^ ‘^{uT)t = 
0, in Up, Up = h on Pp. 

By Theorem 12.31 up^ = up in LIti, for any 0 < Ti < T. Define u = limp_>.ooUp. Hence, 
u solves the problem in Doo- To show uniqueness, if v is any other positive solution, then 
u = Up = u in Dp, by using Theorem 12.31 The maximum principle in Lemma [2.11 shows that 
infp^ h < infpj, h < ut < supp,^, h < supp^ h. □ 

Remark 2.11. We record the following kernel functions of Tp, for 2 < p < oo. Define the 
functions Kp, in M"’ x (0,oo), as follows. 

K,(x, t) = exp (^£^) (^) j , 2 < p < oo, 

lfco(x,t) = t-'/'^exp , p = oo. 

For p = 2, K 2 {x,t) = exp(—|xp/(4t)) is the well-known heat kernel for the heat equa¬ 
tion. Also, 

lim Kp(x,t) =0, xf^o, lim Kp(0,t) = oo, and lim Kp(x,t) = 0. 

>-0 t—)-0+ |rc|+i^oo 

We omit the proof that TpKp = 0. □ 
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3. Proofs of Theorems o AND o 


Proof of Theorem II.IL The proof is a some what simplified version of the one in [4] 
and we use Remark El Let An be the first eigenvalue of Ap on see Section 5. 

Define M = supp^ h. By Lemma [2.10l we obtain u > 0 and supn^ u < M. For every t > 0 
set 


(3.1) 


= sup u{x,t) and iy{t) = sup g{x,t). 
n dn 


Part (i). We observe by Bemarks 15.91 and 15.101 that for a fixed 0 < A < An one can find 
a solution i/’A S C'(ll)) V’A > 0, such that 

(3.2) Ap-0A + ^ = 0, in D, and V’A = Af, on dQ. 

By Remark 15.21 

(3.3) 'ijjx > M, in D, and 'ipx{x) > u{x,t), Vx € D. 

We now construct an auxiliary function for the proof. Let 0 < 5 < T < oo; define 

'x{T-ty 


(3.4) 


l3{t,T) = exp 


, ^S<t<T. 


p-1 

In the rest of Part (i), we always choose S and T such that /3{S,T) > 2. Next, define the 
function 


(3.5) Fif,S,T) = 


1 


1 + 


yiS,T)-l 


1 


PiS,T)-2^ (3{t,T) 


2 f3{S,T)-l 


Vt E [S,T]. 


Using ()3.4I) and (|3.5I1 we get Vt E [S, T], 

(3.6) 

= = ^(RS.T) = 1. and i<F(t;S,T)<l. 

Let (j) = S, T), V(x, t) E D x (S, T), where ijjx is as in (|3.2p . Using Lemma EHl (j3.5p 

and (|3.6I) . we get 

p — 1 


= FP-^Ap^x -{P- l)rx~'FP-^Ft = -XFP-^rx~' (l^+- 

Pit,T) 


X 


= -XFP-^P~^ 


Xrx~^F{t)P-^ / y{S,T) 


F - 


1 


2 V/3(5,T)-1 


(3.7) 


- 2 


<0, y S <t<T, 


where we have used that /3{S,T) > 2. 

Recalling (j3.ip and the hypothesis of the theorem, there are 1 < Ti < • • • < Tm < • • • < oo 
such that for m = 1,2, • • • , 

M 

(a) /3{Tm,Tm+i) > 2, and (6) 0 < z^(t) < —, Vt > T^, 


(3.8) 
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see (I3.4|) . Note that (j3.8h (a) implies that limm->.oo = oo. For each m = 1, 2, • • • , set 

(3.9) X (Tfn,Tm+i), Jm the parabolic boundary of Im, 

= F{t-,Tm,Tm+l), Vt G [Tm, T^+l], and (t>m{x,t) = ’ V(x,t) elm, 

see (I3.5p . 

Taking m = 1, = 'ipxrji^t), using (|3.2I) . (13.31) . (13.61) and (13.91) . 

— M 

(3.10) (j)i{x,Ti) > M, Vx G n, and — < (/)i(x,t) < M, V(x,t) G (912 x [ri,T 2 ]. 

Also, by (13.3p and (I3.8p fbi. 

— M 

(3.11) u{x,Ti) < (/)i(x,Ti), Vx G O, and u{x,t) < u{t) < —, V(x,t) G cAl x [Ti,oo). 

Thus, 11 <(/>!, on Ji, and as Tpcfii < 0, in Ii, (see (I3.7p l Theorem 12.31 and Remark 12.41 imply 
that u < 4>i{x,t) in R. We claim that u < (j)i{x,t) in Ii (it is upper semi-continuous). Take 
T 2 > T 2 and near T 2 . The function $i{x,t) = ip\{x)F{t;Ti,T 2 ) (see (j3.6p and (j3.9[) l satisfies 
the conclusions in ()3.inp and (j3.1ip if we replace 4>i by (/>i. Thus, it < (^1 in 12 x (Ti,T 2 ) and 
the conclusion that it < , in Ii, now follows by letting T 2 —)• T 2 . Clearly, 


(3.12) 


u{x,T 2 ) < (I)i{x,T 2 ) = i>x{x)'ni{T 2 ) = Vx G 12, 


n(x,r^)<^^, Vxg12, 


uix,t) y{x,t) e Im, and //(T^+i) < 


where we have used (j3.6p . Moreover, since F is deceasing in t (see (|3.6p l. recalling (13.ip . we 
have 

H{t) < snp'ipx, Vt G [Ti, T 2 ], and /t(T 2 ) < 

n 4 

We now use induction and suppose that for some m = 1, 2 • • • , 

(3.13) 

(note that (j3.13p holds for m = 1, 2, see (13.31) and (|3.121) 1. We will prove that 

(3.14) 

thus proving part (i) of the theorem. 

By (|3.7p and (13.91) . Tp(j)m < 0, in Im- By (13.6p . (|3.9p and ()3.13p . 

u{x,Tm) < = (t>m{x,Tm), Vx G 12, and 

M 

0 < g{x,t) < — < 4>m{x,t), V(x,t) G (212 X [Tm,Tm+l). 

Thus, (j)m > It on Jm- Using Theorem 12.31 and Remark 12.41 it < in Im, and using (|3.6p 

u[x,t) < -, V(x,t) G Im, and u{x,Tm+i) < , Vx G 12. 

Thus, (|3.14p holds and part (i) is proven. 
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Part (ii). Let g{x,t) = 0, V(x,t) G dQ x [TojOo), for some Tq > 0. We make some 
elementary observations. From (j3.1ll one sees that 

M = sup h = max(sup /, sup g{x, t)). 

Poa n ar2x[o,To] 

Lemma [27T] implies that 0 < u{x,t) < M, V(x,t) G fly, for any T > 0. 

We claim that /r(t) is decreasing in [ro,oo). Let Tq < T < T < oo. Since s' = 0 on 
dQ X [r,T), by Lemma IXTl u < n{T). Since u G usc{Cloo U Poo), n > 0, it follows 

that g{t) < n{T), T < t < T. Combining this with Part (i), we obtain 

(3.15) /i(t) is decreasing, in t > Tq, and limt_>.oo (supjyM(x, t)) = 0. 

Next, let T > To be large enough so that /i(T) > 0 and small (if /i(T) = 0 Part (ii) 
holds by Lemma [2d] and (|3. 151) 1. By Remarks 15.91 and 15.101 for any 0 < A < Aq, there is a 
V’A € (^(f^), i’x > 0, that solves 

^p'lpx + = 0) ill with ipx = /i(T) on dQ. 

By Remark [521 V’A > in ^ and il^xi^) > u{x,T), Vx G H. 

Call Dt = n X (T, oo) and Qt its parabolic boundary. We fix A < Aq, close to Aq, in what 
follows. Define 

T(x, t) = i^xix) exp {-\{t - T)/{p - 1)), in Dt, 

and note that 

L{x,T) > u{x,T), Vx G D, L{x,t) > 0, V(x,t) G dQ x [T, oo). 

By Lemma 12.61 PpL = 0, in Dt- Since L > u on Qt, Theorem 12.31 and Remark 12.41 imply 
that T > u in Dt and 

log(supnn(x,f)) ^ log(supi^T(x,t)) ^ A 

t^QO t ~ 1— >0O t P — 1 

Choosing A arbitrarily close to Af^, we conclude 

iog(supnn(x,t)) ^ Aq ^ 

t^oo t ~ P — 1 

Remark 3.1. The decay rate in Part (i) of Theorem ll.ll mav depend on the decay rate along 
d^l X (0, oo). Take i{t) : R+ —)• U {0}, in t and decreasing to 0, as t —>■ oo. 

Part (ii) shows that if u = 0 on dD, x (0,oo) then the slowest rate of decay is 
Let D = Bpi{o); set tt(x, t) = ^^{x) exp(—Ant/(p — 1)), where > 0 is a first eigenfunction of 
Ap on see Remark 15.121 By Lemma [TUI TpU = 0, in Bji{o) x (0, oo). The decay rate 

in Theorem o is attained. □ 

Before presenting the proof of Theorem 11.21 we make a remark. 
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Remark 3.2. Let 0 < S < T and O = Q x {S,T). We look at three possibilities. Let u G 
C'(noo)) u > 0 solves TpU = 0, u{x, 0) = /(x), Vx G Q, and g{x, t) = 1, V(x, t) G dVL x [0, oo). 
Set /x(t) = supjytt(x,t) and m{t) = infjytt(x, t). We apply Lemma IXTl 

(a) infQ / = 1: For every t > 0, m{t) = 1 and 1 < g{t) < sup^^ /. Then u{x,t) < in 
O, and /x(r) < fi{S). Hence, /r(t) is decreasing in t. 

(b) supQ / = 1: Clearly, fi(t) = 1 and m(t) < 1, for every t > 0. Clearly, m(t) is increasing 
in t, since u{x,t) > m{S), in O, and m{T) > m{S). 

(c) inffi / < 1 < supQ /: Then m{t) < 1 < g{t), Vt > 0. Arguing as in (a) and (b) we see 
that m(t) is increasing and is decreasing in t. □ 


Proof of Theorem 11.21 Let tt > 0 be a solution as stated in Theorem 11.21 We assume 
that 0 < infn / < 1 < sup^ / and set 


(3.16) 


m = inf / and M = sup /. 
^ n 


Let Br{z) be the out-ball of Cl, where z G M”; define r = \x — z\. Part (i) addresses the case 
2 < p < oo, and Part (ii) discusses p = oo. Recall Remark 12.81 
Part (i): 2 < p < oo. Call 

(3.17) A = A{p,n) = n{p/{p — , B = (j> — 1) {p/{p — l)y 

Upper Bound. Let Tq > 0, to be determined later. Recalling (I3.17p . take 

f Jip/(p-^) — pP/(p-^) _)_ 5 ^ 


(3.18) 
where 

(3.19) 


(f){x, t) = exp 


(i) 0 < a < 




0 < r < R, 


p — 2 


, if 2 < p < oo, (ii) 0 < a < oo, if p = 2, 


ab = {1 + To)“ log M and a = 


A(p-i)(i + ro)'^ 

pB 


To make the calculations easier, we use Lemma 12.51 and work with v = logcj). Recalling that 
GpV = ApV + (p — l)\Dv\P — (p — l)xt, using (I3.17p . the value of ab (see (13.191) 1 and setting 
C = a{p — 1), we get in 0 < r < R, and t > 0, 

AaP-^ BoP ^ a{p - l)a{RP/^P-^1 - rP/(P-^1 + b) 


^P'^ - ' (l+t)ap 


< C 


(+ (1 + To)" log m' 


(1 + t)"+i 
BaP AaP-^ 




(1 + t)"+i 


{i + typ (i-ft)"(p-b 


(3.20) 


(1 + t)«(p-i) 


c 


'aRP/^P-^l+ {l + To)^ log m' 
(1 + t)i-"(p-2) 


+ O' 


p-i 


Ba 


(1 + iy 


-A 
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Using (l,S.19h and calling K = K{a,p, n, R) > 0 (see below) we calculate in t > Tq, 




Ba 




-A] = aP-^A 


p-1 /I+ T, 


p 


1 + t 


- 1 < aP-^A 


p-1 


- 1 


iP-^A 

p 


= -K{l + To)'^^P-^y 


Using the above in (13.2011 together with the value of a in (13.191) . we obtain in t > Tq, 


G jyV ^ \ / 1 N 


c 


(+ (1 + To)" log m' 




(1 + t)l-"(P-2) 




< 


< 


1 


^(l + To)^ 


(i + t)"(p-b V(i+ 7o)i-"(p-2) 


- K{1 + TqY^p-^) 


I + Tq 
1 + t 


a{p-l) 


K 


- K 


(3.21) 

- \l + t J \l + To 
where K = K{a,p,n, R, M) > 0. Choose Tq, large enough, so that GpV < 0 and TpCp < 0 in 
O X (To,oo). Using (I3.18P and (I3.19p . we see that 

inf 4>{x, Tq) > exp 


, ^ . , = M and mi4>(x,t) >1, Vt > 0. 

(1 + To)" J 9Q ^ ’ 


By Theorem 12.31 for Theorem 12.21) we see that u{x,t) < y{x,t)j x (To,oo), and 

(3.22) 

Lower Bound. Set in Bpi(z) x (0,oo), 

/ rpUp-^) — 7 -p/(p-i) _ logm' 


hmsupn(x,t) < lim 4>{x,t) = 1, for any x E 11. 

t—>-cx) 1—>-oo 


(3.23) 

where 


(p{x, t) = exp 


(i) 0 < a < 


-(1 + Ti)^ 




y^+ty 


p-2 


, if 2 < p < oo, (u) 0 < a < oo, if p = 2, 


where Ti > 0 is to be determined later. Set w = log(p, we get in 0 < r < i? and t >Ti, 

- 1 ^^ X a(p-i) a(p- 1)(1 +Ti)" - logm) 


GpW > A 


1 +1 


(1 + 1 ) 


a+l 


> 


1 + Ti\ ( a{p- 1) [RpAp-^) - log m) 

OTT)' 

1 + Ti 
1 + ^ 


o(p-l) 


A- 


(1 + Ti)"(p-2)(1 + t)i-“(p-2) 
K 


1 + Ti, 

where K = K{a,p, R,m). Thus, there is a Ti = Ti{a, a,p,m, R) such that Tpcp > 0 in 
11 X (Ti,oo). Next, we observe that 

0 < <p(x,Ti) < m, Vx E n, and <p(x,t) < 1, V(x,t) E dH x [Ti,oo). 

Clearly, cp < u in Poo and Theorem 12.31 implies that p < tt in H x (Ti,oo). Hence, 


(3.24) 


liminfu(x,t) > lim (p(x,t) = 1, Vx E H. 

t^oo t^oo ^ ^ 
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Thus, (I3.22h and (I3.24h imply the claim. 

Part(ii): p = oo. The proof is similar to that in Part (i) and we provide the construction 
of a super-solution and a sub-solution. Set 

A = 4^3^ and B = (4/3)^ 

Upper Bound: Take 

f Jli/3 _ ^ 4/3 ^ 


4>{x, t) = exp 


i^+ty 


where 


1 


0 < a <a6 = (1-|-To)“ logM, and o = 


, 0 < r < ii, Vt > 0, 
3A{1 + To)" 


4B 


The quantity Tq > 0, large, is to be chosen later. 

As done in Part(i), write v = logcp and recall that GooV = ^ooV + {Dv^ — Svt- Using the 
values of a, ab and calculating in 0 < r < i?, t >Tq, 


G cyCiV — 


A 


< 


< 


(1 + 

1 


+ '3 


^ 3aa{R‘^/^ — -|- h) 


(1-kt)^" (l-ht)"+i 

/ 3aa(i24/3 + b) a^B 
(l + t)3" (l + t)i-2“ ^(1 + t) 

( ai24/3 + (l + ro)“logM 


- a^A 


1 

(l+t)3" 

1 


3a 




(i + ro)i-2« 


+ a 


aB 


{l+ToY 


cji + ToT pHiri 

(l + To)i-2« ^ 


3q 


l+Tn 


3q 


-A 


G 


- D 


(l + t)3“ [(l+To)l-2« V ' J \l + t J L(l+^o) 

Here the constants G = G{a, R) >0 and D = D{a, R) > 0. We now choose Tq large enough 
so that Poo^ < 0 in U X [Tq, 00 ). Rest of the proof is similar to that in Part (i). 

Lower Bound. Set 

'_ r 4/3 _ ^4/3 


(p{x, t) = exp 
where a > 0, b > 0, 


—a 


a+iy 


, 0 < r < R, Vt > 0 , 


ab = — log m, 0 < a < 


and a is to be chosen later. Defining w = log (p and differentiating, in t > 0, 
oYA 3aa + b) 1 


G ryjW ^ 


3 3a — log m) 

./\ — 


if a > 0 is chosen large enough. Rest of the proof is similar to that in Part (i). 


>0, 

□ 
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4. Proof of Theorem 11.31 and optimality 

We make use of Lemmas 12.7112.91 and Remark 12.81 to prove the theorem. Let T > 0; we 
work in x (0, T), n > 2. For 2 < p < oo, let n > 0 solve TpU = 0, in x (0, T), and 
n(x,0) = f{x), Vx E M”. Set 

(4.1) m = inf/ and M = sup/. 


We assume that 0 < m < M < oo. 

Proof of Theorem 11.31 Let R > 0 be large. 

(i) Lower bound. Fix y € M” and set r = |x — y|, Vx € 
0 < r < R, take 


Recall Lemma 12.71 and in 


2 \ " 


(i) (t)p{x,t) = ( 1 - — ) exp { - 


R2 ) 


Xrit 


, 2<p<qo, (a) (j)oo{x,t) = { 1 -] exp - 


.2 \ 2 


R2 J 




P — 1 

where a = (3/2) + nj{2{p — 1)). Also, from Lemma 12.71 one can write the values of 

(4.2) Xp = 2<p<oo, and Aoo = 

where Ki = Ki{p,n) and K 2 is a universal constant. 

Call (ppix, t) = m4>pir, t) in Bii{y) x (0, T). By Lemma [T71 we see that the function (pp is a 
sub-solution in Bji{y) x (0,r), (/p(x,0) < m, and (j)p{x,t) = 0, in \x — y\ = R. Using Theorem 
12.31 and Remark 12.41 0p(x, t) < u{x, t), V(x, t) E BR{y) x (0, T). Writing pp = Xp/[p — 1), for 
2 <p < 00 , and poo = Aoo/3, get 

^p{y,t) = mexp {-ppt) < u{y,t), 0<t <T. 

Using ()4.2I) and letting R 00 , we get u{y,t) > m. This shows the lower bound in the 
theorem. 

(ii) Upper bound. We use Lemma [2.9l and recall Remark 12.81 Recall the expressions for 
(j)p and take a = 1 to obtain (pp{x,t) = (pp{r,t) as 

(j)p{x, t) = exp [{t + 1)^ — 1] + b(i + , 2 <p < 00 , 

(4.3) 4>oo{x, t) = exp (^a[{t + 1)“^ - 1] + + l)r'^^^^ , p = 00 , 

where r = |x|. Also, recall there are constants Ki = Ki{p,n) and K 2 = K 2 {p), and absolute 
constants K 3 and K 4 such that 

0-1 n ^ !, P -1 - *^2 


(4.4) 


(i) a = KiiP , and 0 < IP ^ < 
{a) a = K^b^, and 0 < < 


(1 T)P 
Ki 


, for 2 < p < 00 and 


for p = 00 . 


(1 + 2 ^) 4 ’ 

Then (/p(0,0) = 1 and Tppp < 0 in M" x (0,r). 

Let 6 = 3e where e > 0 is small so that the conditions in (j4.4h are satisfied. We get from 

(saD, 

( 4 . 5 ) a = {3eY~^Ki, for 2 < p < 00 , and a = 27e^K3, for p = 00 . 
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Set 

p 4 

/3 =-, for 2 < p < oo, and /3 = -, for p = oo. 

p — 1 3 

Fix y G H; set r = \x — y\ and ii > 0, so large that 

sup u{x,t) < exp(er^), for r > R. 

0<t<T 

Call Cji^T = Bii{y) x (0,T). Define Vp{x,t) = M(j)p{x,t), V(x,t) G Cr^t- Then in 0 < r < 
R, for large enough R, 

Vp{y,0) = M, Vp{x,0) > M, and Vp{x,t) > exp (isR^^ , on \x — y\ = R and 0 < t <T. 

By Theorem 12.31 u{x,t) < Vp{x,t) inCR^T- Using ()4.3p . (|4.5p and Vp{y,t) = M(f>p{0,t), we get 

u{y, t) < Vp{y, t) = M exp((3e)^“^iF), 2 < p < oo, and u{y, t) < Vooiv, t) = M exp(27e^iF), 

where K = K{p,T). Clearly, the above estimate holds for any e > 0 and u{y,t) < M. The 
upper bound in the theorem holds and we obtain the statement of the theorem. □ 

Remark 4.1. It is clear that an analogous version of the Phragmen-Lindelof property also 
holds for the operator Gp. □ 

Next, we address the optimality of Theorem 11.31 The optimality in the case p = 2 is 
discussed in [7] (page 246) and [12] . An example due to Tychonoff shows that the growth 
condition in Theorem 11.31 is optimal for the heat equation. We discuss below the case 2 < 
p < oo. 


Remark 4.2. (Optimality) 

Case (i) 2 < p < oo: We now construct an example for Trudinger’s equation in R-x(0,T). 
Let 2 < p < oo. Set r = \x\ and consider the function 


(4.6) 
where we choose 

(4.7) a > 


( ^p/(p-i) 1 \ 

F(x, t) = exp I A—— -^ ’ 0 ^ ^ < oo and 0 < t <T, 


1 


P-2’ 


a + 1 p — I f a{p — 1) \ 

s = - and A = ' ' 


p-1 


P 


n 


It follows easily that 0 < e < a. Note that our construction works only for p > 2. We set 
F{x, 0) = limtj^o T(x, t) = 0, for any x G M"". 

Our goal is to show that T is a sub-solution in M"’ x (0,T). To simplify our calculations, 
we use Lemma 12.51 and show that GpH > 0 where 

pP/{p-i) I 


H = log F = A- 


For completeness, we provide details here. Also, see Lemma 12.81 Differentiating 
’ At~^p 


Hr{r,t) = 


p — 1 




, and Ht = --h 


p-l 


p — 1 


te+l 


ta+1 ' 
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Thus, 


\H + (p - l)\DH\P = (^P - l)Hrr + + {p - l)\Hr\^ 

1 

^(p-2)/(p-l) ^^(2-p)/(p-l) {ji— 1)^(2-P)/(P-1)^ _|_ _ 1) 


At 

p-l 

Ap 
p-l 


-£^\ P 


At~^p 

p — I 


p/(p-i) 


n 


,, Ap y rP/^-^'^ 


t^P 


Using the above mentioned calculations and (j4.7p . we obtain, in M-x(o,r), 
GpH = ApH + {p- l)\DH\P -{p-l)Ht>‘^^^''' "" 


^p-ij yp-^) 

Case (ii) p = oo: Next we address the case p = oo. This is similar to the Case (i). Let 
(4.8) a > 1/2, e = (a + l)/3 and A = (3®a/4^)^^^ . 

Set r = \x\ and define 

^ ^4/3 I ^ 


(4.9) 


F{x, t) = exp A- 




, in M"' X (0, T). 


Set F(x,0) = limtio F{x,t) = 0, for any x G M"". As done before, we show that GooH > 0 
where 

^ 4/3 2 


H{x,t) = H{r,t) =logF = A- 




Differentiating, 

AAt-^ 


Hr = 


Hrrir,t) = 


AAr 


- 2/3 , TT -Aey/^ a 

r and Ht = —rrn-1“ 




ta+i' 


Using the above and (14.8|] . we obtain in M" x (0, T), 

GooLf = AocH + - 3Ht = + liLJ^ - 3Ht 


4 ^\ 3Aey^ 


34 / y 


+ 




+ 


F+i 


3a 

fa+l 


> 


43 \ 3o 


34 I f 3 e ^a+1 


= 0 . 


Finally, we get a sub-solution F = max{l,T} which takes the value 1 on R" x {0}. For a 
proof that F is a sub-solution, see part (ii) of Remark 12.41 □ 


5. Positive solutions of ApU + XvP ^ = 0, 2 <p < 00 . 

In the proofs of Parts (i) and (ii) of Theorem 11.11 we used the existence of a function 
i/a for the problem in (13.2p . In order to make our work self-contained, we now address the 
question of existence of i/a in the viscosity setting. We use ideas similar to those in [3] which 
addresses the case of the infinity-Laplacian. We refer to [8] for definitions. 

The sets ttsc(D) and lsc{Q) stand for the set of upper semi-continuous functions and the 
set of lower semi-continuous functions in D, respectively. We assume 2 < p < 00 and U C R”" 
is a bounded domain. To keep our work as brief as possible, we state our results as remarks. 
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Remark 5.1. (Maximum Principle) Suppose that u G usc{lsc){i}) and / : x M —)• M is 
continuous. Assume that f{x,t) < (>)0, V(x,t) G x M. 

If ApU + f{x, u) > (<)0, in n, then sup^ u < supg^ u (inf^ u > inf^^ u). 

Proof. We prove the maximum principle. Set £ = sup^ u and m = supg^ u, and assume 
that I > m. Let e > 0 and g G fl be such that 2e = £ — m and u{q) > £ — e/2. Call 
P = supa-gao \x-q\ and set 

'0(x) = £ — e — e {\x — q\/p)^ , Vx G H. 

Thus, {u — 'ij:i){q) > 0 and {u — 'ip){x) < m — (f — 2e) = 0, Vx G dO.. Noting that u — 'ijjG iisc(H), 
let z G n be such that u — ip has a maximum. Using (|2.ip . Ap'ip{z) + f{z,u{z)) < f{z,u{z)) < 
0. This is a contradiction and the assertion holds. The proof of the minimum principle follows 
similarly. □ 

We prove a version of the strong maximum principle that is used in this work. 


Remark 5.2. (Strong Maximum Principle) Let / G C(UxR,M); assume that inf^ |/(x,t)| = 
0 if and only if t = 0. 

(a) Suppose that / < 0 and u G msc(H) solves ApU + /(x, u) > 0, in U. If supg^ u > 0 or 
sup^ tt < 0 then n(x) < sup^^ u, Vx G U. 

(b) Suppose that / > 0 and u G lsc{Q) solves ApU + /(x, u) < 0, in 11. If infgn u < 0 or 
infjyu > 0 then u{x) > infgfj u, Vx G H. 

Proof. We show (a). Suppose that there is a point z G H such that u{z) = sup^u > supg^ u. 
Clearly, u{z) / 0. For e > 0, small, define Ue(x) = u{z) + e\x — z\‘^, in H. Then G C^(H), 
{u — Ve){z) = 0 and 

u — Vs = u{x) — u{z) — e|x — zj^ = u(x) — sup it — e\x — z\‘^ < 0, Vx G H, x ^ z. 

n 

Thus, 2 ; is the only point of maximum of u — Vs. Noting that = 2P“^r^“^(p + n —2), r = 
|x — z\, and using the definition of a viscosity sub-solution, we get for 2 < p < 00 , 

{ApVe){z) + f{z, u{z)) = f{z, u{z)) > 0 and (Au£)(z) -|- f{z, u{z)) = -2ne + f{z, u{z)) > 0. 

Letting e —>• 0, f{z,u{z)) > 0, and u{z) = 0. This is a contradiction and the claim holds. 
Proof of (b) is similar. □ 


Let 5”^" be the set of symmetric n x n matrices and Tr denote the trace of a matrix. 
Define for {q,X) G M” x {Lp is the differentiated version of Ap), 

' \q\P-^Tr{X) + {p- 2)\q\P-\qjX,j, p > 2, q ^ 0, 

(5.1) Lp{q,X)=\ Tr{X), p = 2, 

0 p > 2, q = 0. 
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Remark 5.3. (Comparison Principle) Let 2 < p < oo, / and g G (7(0,M). Suppose that 
u G usc{Q) and v G Isc(Q) solve ApU + f{x,u{x)) > 0 and ApV + g{x,v{x)) < 0, in 0. If 
supq{u — v) > siipg^{u — v) then there is a point z £ Q, such that 

{u — v){z) = sup{u — v) and g{z,v{z)) < f{z,u{z)). 

n 

Proof. We adapt the proof in [8] (also see [3]) and provide a brief outline. 

Set M = supq(u — v). Then one may find a point z £ 0, and sequences x^ and such that 
(i) M = {u — v){z), and (ii) x^, ^ z as e ^ 0. Moreover, since M > supgf^(M — v), there 

is an open set O such that z, x^ and y^ £ O CC O. Also, there exist (see m X,, Y, £ 5-x- 
such that {{xe-ye)/e,Xe) £ pXu(^Xs) and {{xe-ye)/e,Ye) £ P~v{ye). Moreover, < Y^. 
Using the definitions of and J‘^~, we see that 

-f{xe,u{xe)) < Lp{{xe - ye)/e,X^) < Lp{{xe - ye)/e,Ye) < -g{ye,v{ye))■ 

Now let e —)■ 0 to conclude that g{z,v{z)) < f{z,u{z)). □ 

Remark 15.31 leads to the following comparison principle, see [3]. 

Remark 5.4. (Quotient Comparison) Let u £ usc{Q) and v £ lsc{i}) C L°°{Q), u > 0. 
Suppose that A and A are both positive. 

(a) Let X < X, u and v solve ApU + X\u\p~‘^u > 0 and ApV + XvP~^ < 0, in fl. Then 

either u < 0 in or {u/v){x) < sup(u/u) in II. 

an 

(b) Similarly, if A < A, u > 0 and u > 0 solve ApU — XvP~^ > 0 and ApV — Au^“^ < 0, in fl, 
then supf^(u/u) < supgf 2 (u/u). 

Proof. Set p = supg^{u/v) and n = supf^(u/u). We observe that 
(5.2) u — pv <0 in and u — vv < 0 in II. 

We prove (a). Assume that n > 0 and p < v. Using (15.21) . supgQ(M — uv) < 0 and supq(m — 
vv) = 0. Since Ap{yv) + A(nu)^“^ < 0, by Remark 15.31 we conclude that there is a point 
y G n such that {u — vv){y) = supq(u — uv) = 0, implying that u{y) > 0 and 

X{uv{y)Y~^ < Xu{yY~^ = X{iyv{y)Y~^■ 

We have a contradiction and the assertion holds. 

To show (b), use (j5.2n . p < v to conclude that snpQ{u—pv) > 0. Since snpg^{u—pv) = 0 in 
dQ, Remark 15.31 implies that there is a point z £ Q such that {u — pv){z) = sup^{u — pv) > 0 
and 

Xu{zY~^ < X{pv{z)Y~^ < Xu{zY~^- 


We have a contradiction and the assertion holds. 


□ 
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Remark 5.5. We extend the result in Remark I5.4lf a) to include the case A = A, that is, 
ApV + XvP~^ < 0 in n. 

Set m = inf^Q v, M = sup^ v and vt = v — tm, where 0 < t < 1. By Remark 15.21 v > m 
and Vt > {I — t)m > 0 in Q. Since ApV < —Au^“^, choose e > 0, small (depending on t), so 
that 


(5.3) 


ApVt + (A + e)i;f ^ ^ 

< 


—A + (A + s) 
X s 


V — tm\P ^ 

V ) 


A 


M J 


< 0 . 


Remark l5.4lf ai holds for A = A, since ujvt < supg^ u/vt for any 0 < t < 1. Moreover, (15.31) 
leads to the estimates 


(*) 0 < - < 


1 


1 — t{m/M) 


P-^ M 

— 1 and (ii) 1 < — <t 


(A + e)V(p-i) 


m 


(A + e)V(p-i) - aV(p-i) 


□ 


Remark 5.6. Remark 15.51 implies the following. Suppose that (5 > 0 and u G C{Q) solves 

(5.4) ApU + XuP~^ = 0 in n, u > 0 , and tt = 5 on dXl. 


For each 0 < t < 1, there is an e > 0, depending on sup^ u, 5 and t, such that ut = u — t5 
and ApUt + (A + s)uP~^ < 0 in Q. Next, ut = ut/(l — t) is a super-solution of (15.4p with A 
replaced by A -|- e, and ut = 6 on dQ. Also, v{x) = <5 is a sub-solution. Both v and ut attain 
the boundary data in (15.4p and v < ut- Remark 15.51 and Perron’s method (see [8]) imply 
there is a G C'(14), > 0, with Ap'i/j -|- (A -|- £)ipP~^ = 0 in 14, and = <5 on dQ. □ 


Let (5 > 0. We now discuss existence of positive solutions u G C(14) to the problem 

(5.5) ApU + XuP~^ = 0 in 14, and u = <5 in dXl. 

We define 


(5.6) Eq, = {A > 0 : problem (15.5p has a positive solution u} and An = supF^n. 


We show in Remark 15.71 below that (0,An) C E^. Let M\ = supnu, where u solves ()5.5[) . 
Note that u> 6 . We observe that if 0 < An < oo (see B,emark l5.inp and 0 < A < An then by 
Remark l5.5r i). for any 0 < t < 1, 


(5.7) 0 < e < A 


1 


1 - t{ 6 /Mx) 


p-i 


- 1 


< An — A and M\ > 6 


\i/(p-i) 


;^V(P-1) _ Al/(p-l) 


Thus, limA^An Mx = oo. 

Our goal is to show existence for small A > 0 and to prove that An < oo. This would 
provide the information necessary for Theorem ll.il Next, we show that (i) if A G Eq, A > 0, 
then [A, An) C Fq, and (ii) the domain monotonicity property of An- 
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Remark 5.7. Let Eq be as in (15.6h . Then Xq ^ Eq and the following hold. 

(i) If A E Eq then (0, A') C Eq, for some X' > A. Thus, (0, Xq) C Eq. 

(ii) If O C n is a sub-domain then Aq < Aq- 

Proof. If Aq < oo and Ao E Eq then, by Remark 15.41 Xq will not be the supremum. 

Part (i). Let ux E (7(11) solve ApUx + Xu^^~^ = 0 in fl, ux > 0, and ua = (5 in dQ. Clearly, 
u = (5 in n, is a sub-solution and ux is a super-solution of 

(5.8) ApW + =0 in n, and te = 5 in dfl, 

for any 0 < fi < X. Since both v and ux attain the boundary data and v < ux, recalling 
Remarks 15.4115.51 and applying Perron’s method, we obtain a positive solution of (|5.8I) for 
each 0 < ^ < A. Combining this with Remark 15.61 we see that (0, X') C Eq for some X' > A. 
Clearly, (0, Ao) C Eq. 

Part (ii). Assume that Ao < oo (otherwise we are done) and Ao > Ao- By the definition 
of Efi and Part (i), there is a u E (7(0), n > 0, that solves 

ApU + Xou^~^ = 0 in n, and u = (5 in dQ. 

If A < Ao then there is a unique positive solution vx to 

ApVx + Au^~^ = 0 in (7, and ua = 5 in dO. 

By Remark 15.11 u > ua on dO, and by Remark 15.41 u > ua in (7. Since this holds for any 
A < Ao, we apply (l5.7p fon O) and let A —Ao to conclude that u is unbounded. This is a 
contradiction and the claim holds. □ 

We record a consequence of (15.7|] and Remark 15.71 

Remark 5.8. Let h E (7(511) with infg^ /i > 0. Suppose A > 0 is such that the problem 

ApU + XvF~^ = 0 in n, u = /i in 511, 

has a positive solution u E C{Q). Call the set of all A’s for which the above has a 
positive solution. Set Xq^^ = supLlo^/i. We claim that 

^n,h < Aq, 

where Ao is as in (|5.6I) . We comment that the two are equal and since the proof of equality 
requires existence we will not address it here, see Theorem ll.il 

Proof. Assume that Ao < oo and Ao < Ao,h (otherwise we are done). Thus, there is a Ai 
with Ao < Ai < Ao,/i and a function u E (7(17), u > 0, so that 

ApU + Xiu^~^ = 0 in 17, and u = h in 5f7. 

By Remark l5.7l iL for any 0 < A < Ao, there is a function vx so that ApVx + Au^~^ = 0 in 
17, and vx = S, in 517, where 0 < 5 < infgo h. By Remark 15.41 ua < u in 17. Letting A —>■ Ao 
and applying (15.7p . we arrive at a contradiction. The claim holds. □ 
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We show existence for the problem in (I5.5p . We assume that (i) for 2 < p < n, Q satisfies 
a uniform outer ball condition, and (ii) for n < p < oo, 0 is any domain. 

Remark 5.9. (Existence:) Consider the problem of finding a positive solution u E to 

(5.9) ApU + Xu^~^ = 0 in n, and u = 6 on di}. 

(i) Let n < p < oo and bl be any bounded domain. Then there is Aq = Xo{p,n,Xl) > 0 such 
that ()5.9p has a solution u for any 0 < A < Aq. 

(ii) The same holds for 2 < p < n, if Q satisfies a uniform outer ball condition. 

Proof. The function u = 5 is a sub-solution of (j5.9p for any A > 0 and any 2 < p < oo. We 
construct super-solutions to (15.91) . Define R = sup^^ yean \x — y\ = diam(D). 

(i) n < p < oo: Fix y E dQ, 0 < 9 < 1 and set r = |x — i/|. For c > 0 (to be determined) 

a = 6 {p — n)/{p — 1) and Wy{x) = 5 -|- cr“ Vx E D. 

Using calculating in 0 < r < R, 

A,,., = ((, _ i,(„ _ 1) + „ _ 1,. 

Using the above, we obtain in D, 


ApWy + Xwl 


-1 


< - 


(ca)P-i(l-0)(p-n)R“(P-i) 


a\p—l 


= {6 + cR^)P-^ 


RP 


X- 


+ X(S + cR^)P 


cR° 


S + cR°‘ 


P ^ f {1 — 9){p — n)aP ^ 


RP 


It is clear that if 0 < A < {1 — 9){p — n)aP~^ R~p then one can find a value of c > 0 such 
that Wy is a super-solution. Since Wy{y) = 5 and Wy > 5 on Q, using Bemarks 15.4115.51 and 
applying Perron’s method, the problem (j5.9p has a positive solution for A > 0, small, and 
Fq is non-empty. 

(ii) 2 < p < n: Let p > 0 be the optimal radius of the outer ball. Fix y E dQ and let 
z E M” \ D such that Bp{z) C M” \ D and y E Bp{z) n dPt. Set r = \x — z\ and take, for c > 0, 

a>max{0, {n — p) / {p — 1)} and Wy{x) = 5 + c [p~°‘— r~°^) , p<r<R + p. 
Using (l2T]) . 

ApWy = (ca)P-V-("+^)(P-2)-(“+2)(n-l-(a + l)(p-l)) 


{ca)P ^{n — p — a{p — 1)) 


cP-^k 


pa{p-l)+p ^o(p-l)+p’ 

where k = k{n,p, a) > 0. Setting J = — {R + p)““ and using the above, 

cP-^k 


ApWy Xwf, 


-1 


y — 


< - 


{p + i?)"(p-i)+P 


+ A (5 + cJ)P-^ 


= {6 + cJ)P-^ 


X- 


(p-h R)"(p-b+p \6 + cJ 


p-k 
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Since c/{5 + cJ) < 1/J, one can find a c > 0 such that Wy is super-solution if 

(R -h /9)“ - 

Rest of the proof is as in Part (i). □ 

Remark 5.10. (Boundedness of Aq) Remark f5.9l shows that An > 0. We claim that An < oo. 
By Remark 15.71 this will follow if we show that Xb < oo for any ball R in fl. 

Proof. For ease of presentation, we take the origin o € and a ball Bb,{o) C Set r = \x\ 
and Xr = Ab^(o). 

Suppose that Xr = oo. By (15.61) and Remark 15.71 (0,oo) C Erj^^o)- Let A > 0 and 
Xm = TmPX, m = 0,1, • • • ,. For each m, call cfm > 0 the solution of 

(5.10) Ap(()m + XmfP^^ = 0 in Br{o), and 4>m = in dBR{o). 

Here > 0 is so chosen that 4>m{o) = 1- Since Ap is rotation and reflection invariant, 
applying Remark 15.51 to reflections about n — 1 planes through o, it follows that cfm is radial. 
Next, using Remark 15.II in concentric balls, it is clear that (fm is decreasing in r. 

By Remarks 15.21 and 15.41 if f’ < m then 1 = (f)£{o)/(prnio) < ^ij^m and 0 < <5^ < ^m-i < 
••• < <5i < 1. 

Next, we scale as follows. For m = 1,2, • • • , set Vx G Br{o), 'ijjmiy) = f'mix) where 
y = mx. Thus, Apcfm = fn^Apipm and recalling Am = m^A, we get 

Aplfm + AV’m = 0 in BmR{o), lfm{o) = 1 and = 6m- 

Applying Remark 15.51 in BiR{o), i = 1,2, ■ ■ ■ ,m — 1, 

. _ ^e(o) ^ f’ijr) ^ 6 i n . ^ '>Pm(r) ^ ifmiiR) 

'ifmio) ~ 'ifmir) ~ 'Ipmi^R) ~ 'f’eir) ~ 6^ 

It is clear that ^fe{r) = ifmir), 0 < r < £R, and 6 e = ipmi^R)- For each i = 1,2, ■ ■ ■ ,m — 1, 
V’m extends ipg to BmR{o), and in particular, extends '01 (defined on Br{o)) to all BmR{o). 

Thus, for any r > 0 we define '0i(r) = ipmi'r), for any m such that mR > r, thus extending 
01 to Also, 01 is decreasing and 0i(mR) = 6 m, Vm = 1, 2, • • • . 

We claim that limm^cx) <5m = 0. For 1 < £ < m and 0 < a < 1, we calculate (see (15.101) 1. 

Ap0“ + A,0“(P-L=aP-Miv(0(;^-L(p-i)|R0^0-2<^^)+A,0“(P-i) 

= aP-i (0(;^-L(P-LAp0m + (a - l){p - + A,0 “(p-L 

< + A,0“(P-L = (A, - aP-^Xm) 4>m^-^^ = 0, 

if a = (Xe/Xm)^^^-^^ = iifm)P/^P-^\ Thus, 0“ is a super-solution and Remark 15.51 
shows that 1 = 0£(o)/0(^(O) < 6 il6f^. Using the value of a, we have (5m< 
V£ = 1, 2, • • • , m — 1. Hence, 


0 < A < 


k 


{R + p)P 
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Since (5i < 1 (see Remark [5. 2 1 and (I5.10|R . limm->.oo 'il^i{rnR) = limm^oo = 0 and limj.^oo 

0. 

We now obtain lower bounds for i/^i. Note that V'i(o) = 1, 'i/’i is decreasing and 'ijji{£R) = 

6^, = 1, 2, • • • (see above). For any m = 2,3, • • •, define in i? < r < 2mR, 

fni{r) = 5i- (5i - S 2 m) {r^ - R'^)/{{2mR)f^ - R^), where /3 = - — j, p ^ n, 

fm{r) = di- (5i - 52m) log(r/ii)/log(2m), p = n. 

Then fm{R) = 5 i, fm{ 2 mR) = 62m, /m > 0 and Apfm = 0, in B2mR{o) \ Br{o). Thus, 
Ap/m + A/^“^ > 0 in B 2 mR{o)\BR{o). By Remark[531 fm < i/’i in B 2 mR{o)\BR{o). Taking 
r = mR, we get, for large m, 

(i) fm{mR) > 5i{l - 2~^), p>n, (ii)/^(nii?) > 5i(l - 2^)/m“^, 2 < p < n, 

(in) fruimR) > 5i log 2/ log(2m), p = n. 

Since Sm = 'ipi{mR) > /miiRR), the above and (|5.11l) lead to a contradiction. Thus, the 
claim holds and Xr < 00 and 0 < Aq < 00 . □ 

Remark 5.11. (Scaling property) Let Xr = Xbj^{o)- We claim that XrRP = k, for any R > 0, 
where k = k{p,n) > 0. Let > 0, i ?2 > 0 and 0 < A < A_r^. Suppose that 4> > 0 solves 
Apcj) + Xcj)P~^ = 0, in Br-^{o), with cj)i = S on dBR^{o). Set '4>{y) = </>(x) where y = R 2 X/Ri. 
Then Apil) + X{Ri/R 2 Y = 0 in Br^{o), and i/; = 5 on OBr^^o). Clearly, Xr^R^ < Xr^R^. 
Replacing Ri by R 2 shows equality. □ 

Remark 5.12. (Eigenfunction) The problem ApU+A/ju^”^ = 0 in Br{o) and u = 0 on dBR{o), 
has a positive solution u, a first eigenfunction, that is radial and decreasing. 

Proof. Fix 0 < A < Xr. By Remark 15.Ill let R be such that R^X = XrRP. Then R> R. 

For each /c = 1, 2 • • •, let (i) 0 < A < A^ < A/j be such that Xk i A, (ii) Rk = {X/XkY^^R, 
and (hi) a unique function Uk > 0 and 5fc > 0 such that (see Remark 15.7p 

(5.12) ApUk + Xul~^ = 0 in Br^^{o), Uk{o) = 1 and Uk = 6k on dBR^{o). 

As seen in Remark 15.101 Uk is radial and decreasing. Also, Rk < R, for each k, and Rk t R- 
Let 1 < i < k. Applying Remark 15.51 we obtain 1 < V£{r)/vk{r) < 6i/vk{Ri) and 1 < 
Vk{r)/veir) < Vk{R()/6i in Br^o). Thus, VkiRe) = 6i, Vk{r) = veir) and Vk extends V£ to 

BrYo)- 

For any x G Bj^{o), dehne v{x) = v{r) = lim^-j-oo'^^( t). It clear that v{x) = Vk{x) for any 
k such that |x| < Rk- Also, v{Rk) = 6k. Since every Vk is decreasing in r, v{r) is decreasing 
in r and solves 

ApV + Xv^~^ = 0 in Bj^{o), v > 0 and v{o) = 1. 

Dehne v{R) = lim^_,.j^ u(r). Thus, v G C{Bj^{o)). Since A = A^, we have v{R) = 0, otherwise, 
by Remark [5.6l A^ > A. Using scaling, we get existence of a radial eigenfunction on Br{o). □ 
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